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Abstract 

We show how a general nonstandard Lax equation (supersymmetric or otherwise) can 
be expressed as a standard Lax equation. This enables us to define the Gelfand-Dikii 
brackets for a nonstandard supersymmetric equation. We discuss the Hamiltonian struc- 
tures for the nonstandard super KP system and work out explicitly the two Hamiltonian 
structures of the supersymmetric Two Boson system from this point of view. 
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1. Introduction: 



A Lax description of integrable systems is quite useful from many points of view. 
Most integrable systems can be described by a standard Lax equation [1-3] in terms of 
an appropriate pseudo-differential operator. More recently, however, there has been con- 
siderable interest in the Two Boson (TB) equation [4-5] and its supersymmetric version 
[6-8] which have a nonstandard Lax representation. Namely, if L denotes the appropriate 
pseudo-differential operator (Lax operator), then these equations can be written as 



While the conserved quantities for such systems continue to be defined as TrL", it is not 
clear whether the standard Gelfand-Dikii brackets will continue to define the Hamilto- 
nian structures for such nonstandard systems. In fact, a modification of the Gelfand-Dikii 
brackets in the case of the Two Boson equation was already noted in ref. [9] and it is the pur- 
pose of this letter to extend such a generalization to superspace to include supersymmetric 
nonstandard integrable systems. The Hamiltonian structures for the supersymmetric Two 
Boson (sTB) have, of course, already been obtained directly [6-7]. However, a Gelfand- 
Dikii description of these structures has proven elusive so far. In this letter, we define the 
Gelfand-Dikii brackets for this system which leads to the correct Hamiltonian structures. 
Our results are organized as follows. In section 2, we show how a nonstandard Lax system 
can be expressed as a standard system which would allow us to define the Gelfand-Dikii 
brackets in the conventional manner. We discuss the Hamiltonian structures of the non- 
standard super KP system [7] from this point of view. In section 3, we construct explicitly 
the two Hamiltonian structures associated with the supersymmetric Two Boson (sTB) 
system. We end with a brief conclusion in section 4. 

2. Transformation to a Standard System: 

Let us consider a pseudo-differential operator of the form [3,10] 



'dt 



[L, (i^^)>i] 



(1) 



oo 




(2) 
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where ^j's define the dynamical variables with the dynamics given by the nonstandard Lax 
equation 



^ = [L, {L^)>i] (3) 

Throughout our discussions, (A)>i would stand for the purely differential part of a pseudo- 
differential operator while would correspond to the part of the pseudo-differential 
operator without any negative power. (In other words, it will include the nonderivative 
term as well as the differential part.) 

Let us next make the transformation 

p = e-^ae'^ = (a+ (aw)) (4) 
where we assume that cu is a bosonic function. Under this transformation, we can write 

oo 

C^e-^'Le'' =V + ^Ui^iV-' (5) 

In other words, with this transformation, pseudo-differential operators are expanded in a 
basis in powers of T>. It is straightforward to check now that eq. (3) reduces, under the 
transformations in eqs. (4-5) to a standard equation of the form 

^ = [A(/:^)+] (6) 

By construction, however, the right hand side of eq. (6) is a pseudo-differential operator 
of negative powers whereas the left hand side is not unless 

{d^) = (7) 

Thus we see that a nonstandard Lax equation can be rewritten as a standard Lax equation 
through a transformation of the form in eq. (4) provided the parameter of the transforma- 
tion is related to the coefficient of 9° of the Lax operator as in eq. (7). Such an observation, 
in fact, had led to the definition of the Gelfand-Dikii brackets in the case of the TB system 
[9]. However, the present derivation is quite general and holds even in super space since 



we have not assumed any specific property of d. (As is clear from this discussion, this 
works only if the coefficient of 9° is nonzero. It remains an open question as to whether a 
nonstandard equation with this term vanishing can be put into a standard form.) 

Let us next discuss the general features of the Hamiltonian structures for the nonstan- 
dard super KP system based on our results. Let us consider a bosonic pseudo-differential 
operator in superspace of the form [7] 

oo 

+ ^^,_iD-' (8) 
where the superspace covariant derivative is defined to be 

and the coefficient functions, ^^i, are assumed to be superfields with a Grasmannian grading 
The nonstandard super KP equations are obtained from the nonstandard Lax equation 

^ = [^,(^'^)>i] (10) 

where n = 1, 2, 3, • • •. 

Following our earlier discussion, we define 



oo 

1=0 

where we assume that a; is a bosonic superfield satisfying (see eq. (7)) 



(11) 



(D'^u) = (12) 

The dynamical equations for the nonstandard sKP equations can now be obtained from 
the standard Lax equation 

^ = [c,in+] (13) 

We can now define the dual operators as 
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r (14) 

i=0 

which we assume to be bosonic so that the hnear functional can be defined to be 

Fq{C) = sTr(£Q) (15) 

where the supertrace (sTr) is defined as an integral over the superspace of the super residue 
which is defined as the coefficient function of with the T>~^ operator on the right. 

Since the transformed Lax equation is a standard equation, we can define the Gelfand- 
Dikii brackets in the conventional manner from [11] 

{Fs(£),Fv(>C)}i = -s'IV(£[Q,V]) 

(16) 

{Fq(£), Fv(£)}2 = -sI¥[((£V)+£ - C{VC)+)Q] 
Using the inverse transformation (see eq. (11)), 

L = e'^^e-'^ 
Q = e'^Qe-'^ 
V = e'^Ve-'^ 

we can then, see that the Gelfand-Dikii brackets, in terms of the original variables, take 
the form 

{FQ{L),Fv{L)}^ = -sTt{L[Q,V]) 

(17) 

{FQ{L),Fv{L)h = -sTr[{{LV)+L - L{VL)+)Q] 
which would explain the form of the brackets used in ref. [12] to obtain the Hamiltonian 
structures. Since these structures have already been worked out, we donot go any further 
into details of this calculation. 

3. Hamiltonian Structures for sTB System: 

The Lax operator for the sTB equation is given by 
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L = - (D^o) + (18) 

where D is the covariant derivative in superspace defined in eq. (9) and are two 

fermionic superfields. The dynamical equations are obtained from the nonstandard Lax 
equation (One can, of course, write the equation for the hierarchy as well, but we are 
concentrating on the sTB equation for simplicity.) 

^ = [L, [L'hi] (19) 
Following our earlier discussion, we define 



r> = e-'^De'^ = {D+{Duj)) 

where 



(20) 



(D^iu) = (D$o) (21) 

With these transformations, the sTB equations can be easily checked to result from the 
standard Lax equation 

^ = (22) 
In this case, then, we can define the bosonic dual operators as 



Q = qo + V-\i 
V = vo + V-\i 

and the linear functional 



(23) 



FQiC) = sTviCQ) = Jdx dd{iD^o)qi - ^iQo) (24) 
This allows us to obtain the first Hamiltonian structure from the standard definition 



{Fe(£),Fv(£)}i = -sTV(£[Q,V]) 
6 



(25) 



which through an inverse transformation also gives (The additional negative sign in the 
case of a supersymmetric system, compared to the bosonic one, results from our definition 
of the "sRes".) 

{Fq{L), Fv{L)}, = -sTt{L[Q, V]) (26) 

Explicitly, this gives the first Hamiltonian structure (as an operator) for the sTB system 
to be 

which is the correct structure obtained in ref . [6-7] . 

To obtain the second Hamiltonian structure, we note that the consistency of the Lax 
equation in (22) requires that the right hand side should only have terms with negative 
powers of V. This makes it a constrained system and one has to be careful in defining 
duals and Hamiltonian structures in such a case. As is described in ref. [10] (with suitable 
generalization to superspace), a consistent definition of the dual in this case would be so 
as to yield 

sRes[£, V] = (28) 

It is easy to check that with the dual defined in eq. (23), this condition is not satisfied. 
Consequently, we have to modify the definition of the dual which we take to be 

V = v_2T>'^ + V (29) 

and similarly for Q. (We parenthetically remark here that we could have chosen the 
modification to be a term linear in V as well which, however, doesnot change the result.) 
Furthermore, the modification of the dual does not change the linear functional defined in 
eq. (24). Requiring eq. (28) to hold, namely. 



sRes[£,V] = 
7 



(30) 



determines the coefficient V-2 as 



$lV_2 = Vi (31) 

and similarly for q-2- 

The second Hamiltonian structure can now be defined in a straightforward manner 
[11] as follows. 

{FQ{C),F^{jC)h = {FQ{C),Fv{jC)h 

(32) 

= -sTt[{{CV)+L-C{VC)+)Q] 
This can also be expressed more elegantly in terms of the duals Q and V as 



{FQ{jr),Fv{C)h = -sIV[((£V)+£-£(V£)+)Q] 

+ Jdxde (L>-^sRes[Q,/:])(sRes[V,/:]) 

- J dxde [(sRes[Q,£])(sRes>CVP-^) - (sRcs[V, £])(sRes>CQP-^)] 

(33) 

In terms of the original variables, the second Hamiltonian structure can, then, be obtained 
from 



{FQ{L),Fv{L)h = -sTt[{{LV)+L-L{VL)+)Q] 

+ J dxde (i:>-^sRes[g, L])(sRes[F, L]) 

- J dxde [(sRes[Q,L])(sResLyi:»-i) - (sRes[F, L])(sResLQi:»-i)] 

(34) 

We observe here that the generalization of the superspace Gelfand-Dikii brackets in the 
present case is quite analogous to what was obtained for the TB system. (We correct 
here some misprints in the definition of the Gelfand-Dikii bracket in ref. [9]. The correct 
bracket should be 
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{Fq{L), Fy{L)} = Tr[iiLV)+L - L{VL)+)Q] 

+ J dx {d-^Res[Q,L]){Res[V,L]) 

+ J dx [{Res[Q,L]){ResLVd-^) - {Res[V,L]){ResLQd-^)] 

The structure in eq. (34) can now be compared with this.) Without going into a lot 
of tedious algebra, we simply note here that eqs. (33-34) lead explicitly to the second 
Hamiltonian structure of the sTB system (as an operator) of the form 



^sTB_ f -2D-2D-^^iD-^ + D-\D^^o)D-^ - D{D^o) + D-^^iD\ 

This is, indeed, the correct Hamiltonian structure that was derived in ref.[6-7]. In spite of 
its complicated structure, it is easy to see that it has the right symmetry properties and 
it can be shown through the methods of super-prolongation that this satisfies the super- 
Jacobi identity. 

Finally, we would like to make some comments on the constraint in eq. (30) since it 
has not been properly emphasized in the literature. We note from eqs. (20-21) that the 
transformed basis of (super) pseudo-differential operators, V, contain dynamical variables 
and, therefore, evolve with time. As a result, we have 

^ = -(f«-f) (-) 

It is no longer true, therefore, that 

which is crucial for an analysis of the Hamiltonian flow of the dynamical equations. With 
the constraint, eq. (30), however, it can be checked that eq. (37) holds and the Hamiltonian 
analysis carries through. 
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4. Conclusion: 

In this letter, we have tried to define the Gelfand-Dikii brackets for nonstandard 
supersymmetric integrable systems. We have shown that a nonstandard Lax equation (in 
ordinary space or in a superspace) can be brought under suitable conditions to a standard 
Lax equation through an appropriate transformation. This, then, allows us to define the 
Gelfand-Dikii brackets in a conventional manner in the transformed variables. This can be 
transformed back to the original variables in a straightforward manner. We have discussed 
the structure of the Gelfand-Dikii brackets of the supersymmetric nonstandard KP system 
from this point of view. We have also explicitly constructed the Hamiltonian structures 
of the sTB system from these Gelfand-Dikii brackets. In this case, nontrivial constraints 
arise which must be taken care of and we discuss the meaning of these constraints. 

One of us (A.D.) would like to thank Prof. H. Mani for the hospitality at the Mehta 
Research Institute where part of this work was done. This work was supported in part by 
the U.S. Department of Energy Grant No. DE-FG-02-91ER40685. 
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